In this paper, a new approach of ranking fuzzy numbers using orthocenter of centroids of fuzzy numbers to its distance from original point is proposed. The proposed method can rank all types of fuzzy numbers including crisp numbers with different membership functions. We apply the proposed ranking method to develop a new method to deal with fuzzy risk analysis problems. The proposed method is more flexible than the existing methods.
INTRODUCTION
Ranking fuzzy numbers is an important tool in decision making. In fuzzy decision analysis, fuzzy quantities are used to describe the performance of alternatives in modeling a real-world problem. Most of the ranking procedures proposed so far in literature [28, 32] cannot discriminate fuzzy quantities and some are counterintuitive. As fuzzy numbers are represented by possibility distributions, they may overlap with each other and hence it is not possible to order them. It is true that fuzzy numbers are frequently partial order and cannot be compared like real numbers which can be linearly ordered. In order to rank fuzzy quantities, each fuzzy quantity is converted into a real number and compared by defining a ranking function from the set of fuzzy numbers to a set of real numbers which assigns a real number to each fuzzy number where a natural order exists. Usually by reducing the whole of any analysis to a single number, much of the information is lost and hence an attempt is to be made to minimize this loss.
Various ranking procedures have been developed since 1976 when the theory of fuzzy sets was first introduced by Zadeh [1] . Ranking fuzzy numbers was first proposed by Jain [2] for decision making in fuzzy situations by representing the ill-defined quantity as a fuzzy set. Since then, various procedures to rank fuzzy quantities are proposed by various researchers. Bortolan and Degani [12] reviewed some of these ranking methods [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] for ranking fuzzy subsets. Chen [13] presented ranking fuzzy numbers with maximizing set and minimizing set. Dubois and Prade [16] presented the mean value of a fuzzy number. Lee and Li [18] presented a comparison of fuzzy numbers based on the probability measure of fuzzy events. Delgado, Verdegay and Vila [19] presented a procedure for ranking fuzzy numbers. Campos and Munoz [20] presented a subjective approach for ranking fuzzy numbers. Kim and Park [21] presented a method of ranking fuzzy numbers with index of optimism. Yuan [22] presented a criterion for evaluating fuzzy ranking methods. Heilpern [23] presented the expected value of a fuzzy number. Saade and Schwarzlander [24] presented ordering fuzzy sets over the real line. Liou and Wang [25] presented ranking fuzzy numbers with integral value. Choobineh and Li [26] presented an index for ordering fuzzy numbers. Since then several methods have been proposed by various researchers which include ranking fuzzy numbers using area compensation, distance method, decomposition principle and signed distance [27, 28, 29] . Wang and Kerre [30, 31] classified all the above ranking procedures into three classes. The first class consists of ranking procedures based on fuzzy mean and spread [6, 7, 8, 9, 20, 25, 26, 27] and second class consists ranking procedures based on fuzzy scoring [2, 4, 10, 13, 17, 21] whereas the third class consists of methods based on preference relations [3, 5, 11, 14, 15, 19, 22, 24] and concluded that the ordering procedures associated with first class are relatively reasonable for the ordering of fuzzy numbers specially the ranking procedure presented by Adamo [7] which satisfies all the reasonable properties for the ordering of fuzzy quantities. The methods presented in the second class are not doing well and the methods [14, 15, 22, 24] which belong to class three are reasonable. Later on, ranking [25] for ranking fuzzy numbers, by stating that the index of optimism is not alone sufficient to discriminate fuzzy numbers and proposed an index of modality to rank fuzzy numbers. Most of the methods [28, 34] presented above cannot discriminate fuzzy numbers and some methods do not agree with human intuition whereas, some methods cannot rank crisp numbers which are a special case of fuzzy numbers.
One of the possible methods to overcome these problems is to introduce ranking based on Orthocentre of centroids to rank fuzzy quantities. In a trapezoidal fuzzy number, first the trapezoid is split into three parts where the first, second and third parts are a triangle, a rectangle and a triangle respectively. Then the centroids of these three parts are calculated followed by the calculation of the orthocentre of these centroids. Orthocentre is the point where the three altitudes of a triangle intersect. The altitude of a triangle is a line which passes through a vertex of a triangle and is perpendicular to the opposite side. Finally, a ranking function is defined which is the Euclidean distance between the centroid point and the original point to rank fuzzy numbers. Most of the ranking procedures proposed in literature use Centroid of trapezoid as reference point, as the Centroid is a balancing point of the trapezoid. But the Orthocenter of centroids can be considered a much more balancing point than the centroid. Further, this method uses an index of optimism to reflect the decision maker's optimistic attitude and also uses an index of modality that represents the neutrality of the decision maker.
The work is organized as follows: Section 2 briefly introduces the basic concepts and definitions of fuzzy numbers. Section 3 presents the proposed new ranking method. In Section 4, the proposed method has been explained with examples which describe the advantages and the efficiency of the method which ranks generalized fuzzy numbers, images of fuzzy numbers and even crisp numbers. In Section 5, the method demonstrates its robustness by comparing with other methods like Liou and Wang [25] , Yager [8] and others where the methods cannot discriminate fuzzy quantities and do not agree with human intuition. In Section 6, the proposed ranking method is applied to propose a fuzzy risk algorithm to deal with fuzzy risk analysis problems. Finally, the conclusions of the work are presented in Section 7.
FUZZY CONCEPTS AND RANKING OF FUZZY NUMBERS

Fuzzy concepts
In this section, some fuzzy basic definitions are presented [42] . (1) ) x ( fÃ is a continuous mapping from  to the A are reviewed from [41] , [42] and [43] as follows : (ii)Fuzzy Numbers subtraction
where,
It is obvious that if 
Wang et al. Ranking method
Wang et al. [35] found that the centroid formulae proposed by Cheng [28] 
Liou and Wang's Ranking method
Liou and Wang [25] ranked fuzzy numbers with total integral value. For a fuzzy number defined by definition 6 the total integral value is defined as 
Garcia and Lamata's Ranking method
Garcia and Lamata [38] modified the index of Liou and Wang [25] for ranking fuzzy numbers. This method use an index of optimism to reflect the decision maker's optimistic attitude, which is not enough to discriminate fuzzy numbers, but rather it also uses an index of modality that represents the neutrality of the decision maker. For a fuzzy number defined by definition 6, Garcia and Lamata [38] proposed an index associated with the ranking as the convex combination:
is the area of the core of the fuzzy number which is equal to 'b' for a triangular fuzzy number defined by 
PROPOSED RANKING METHOD
The Centroid of a trapezoid is considered as the balancing point of the trapezoid (Fig.1) . Divide the trapezoid into three plane figures. These three plane figures are a triangle (APB), a rectangle (BPQC), and a triangle (CQD), respectively. Let the Centroids of the three plane figures be 1 2 3 ,& G G G respectively. The orthocenter of these Centroids 1 2 3 ,& G G G is taken as the point of reference to define the ranking of generalized trapezoidal fuzzy numbers. The reason for selecting this point as a point of reference is that each Centroid point are balancing points of each individual plane figure, and the orthocentre of these Centroid points is a much more balancing point for a generalized trapezoidal fuzzy number. Orthocentre is the point where the three altitudes of a triangle intersect. The altitude of a triangle is a line which passes through a vertex of a triangle and is perpendicular to the opposite side. . Therefore, this point would be a better reference point than the Centroid point of the trapezoid. It is observed that the above ranking order is unaltered even by using the index of modality proposed in section 3 irrespective of the decision maker. It is observed that the above ranking order is unaltered even by using the index of modality proposed in section 3 irrespective of decision maker. 
4.NUMERICAL EXAMPLES
Example 4.2
Let   1 ; 5 . 0 , 3 . 0 , 3 . 0 , 1 . 0  A ,   1 ; 1 . 0 , 3 . 0 , 3 . 0 , 5 . 0      B
COMPARATIVE STUDY
It is observed that the above ranking order is unaltered even by using the index of modality proposed in section 3 irrespective of decision maker. Cheng [28] ranked fuzzy numbers with the distance method using the Euclidean distance between the Centroid point and original point. 
be a crisp number. Cheng [28] ranked fuzzy numbers with the distance method using the Euclidean distance between the Centroid point and original point. Whereas Chu and Tsao [34] proposed a ranking function which is the area between the centroid point and original point .Their centroid formulae are given by Both these centroid formulae cannot rank crisp numbers which are a special case of fuzzy numbers as it can be seen from the above formulae that the denominator in the first coordinate of their centroid formulae is zero, and hence centroid of crisp numbers are undefined for their formulae. By using our method, we have
It is observed that the above ranking order is unaltered even by using the index of modality proposed in section 3 irrespective of the decision maker.
APPLICATION OF THE PROPOSED FUZZY RANKING METHOD TO FUZZY RISK ANALYSIS
In this section , the proposed fuzzy method is applied to fuzzy risk analysis problems. 
 
The structure of the fuzzy risk is shown in Fig. 2 The nine-member linguistic term set is shown in Table II is used for representing the linguistic terms and their corresponding generalized fuzzy numbers respectively. Each linguistic term shown in Table II The algorithm to deal with fuzzy risk analysis is presented as follows:
Step 1: Find the probability of failure i R of each Step 3: In case when the ranking indices C has the highest probability of failure.
CONCLUSIONS
Many approaches in ranking fuzzy numbers fail to clearly discriminate the fuzzy numbers. Therefore, in this paper a ranking method based on orthocenter of centroids is proposed and a new method to deal with fuzzy risk analysis is presented which is based on ranking fuzzy numbers. First, a new method to rank fuzzy numbers is proposed. The proposed fuzzy ranking method overcomes some of the drawbacks of the existing methods as they failed to discriminate fuzzy numbers and could not rank crisp numbers which are a special case of fuzzy numbers. Another important feature of the proposed fuzzy ranking method is that, it takes into consideration the decision maker optimistic attitude as well as the index of modality which tells the importance of central value and spreads while ranking fuzzy numbers. We also applied the proposed fuzzy ranking method to deal with fuzzy risk analysis, where the evaluating values are represented by fuzzy numbers. The proposed method is useful method to deal with fuzzy risk analysis as it considers the decision maker's view in both the stages. 
